First a description of 2+1 dimensional non-commutative(NC) phase space is presented, where the deformation of the planck constant is given. We find that in this new formulation, generalized Bopp's shift has a symmetric representation and one can easily and straightforwardly define the star product on NC phase space. Then we define non-commutative Lorentz transformations both on NC space and NC phase space. We also discuss the Poincare symmetry. Finally we point out that our NC phase space formulation and the NC Lorentz transformations can be applicable to any even dimensional NC space and NC phase space.
INTRODUCTION
In recent years, there has been an increasing interest in the study of physics on non-commutative space, because the effects of the space non-commutativity may become significant in the extreme situation such as at the string scale or at the TeV and even higher energy level. There are many papers devoted to the study of various aspects of the quantum field theory and quantum mechanics on NC space, where space-space is noncommuting, but the momentum-momentum is commuting, or on NC phase space, where both space-space and momentum-momentum are non-commuting. For references see [1] - [5] . Although quantum theories on NC space and NC phase space have been extensively studied in the literature, the description of NC phase space is far from complete, for example, it is not easy to define the star product on NC phase space in the formulations of Refs. [6] and [7] . Another important issue we want to discuss is the space-time symmetries of the NC space and NC phase space. As we know, the Lorentz symmetry plays a central role in any realistic quantum field theory. There are different approaches in the formulations of Lorentz and Poincare symmetries on NC space, for references see [8] - [10] . Ref. [8] studied Lorentz transformation on NC space and claimed that the NC gauge theories are invariant under the NC Lorentz transformations. Because of the singularity of matrix θ ij the NC Lorentz transformation in Ref. [8] may not be applicable for 3+1 dimensional NC space. Also there is no discussions about the Lorentz transformation on NC phase space in the literature.
In this paper, we will give a description of NC phase space on 2 + 1 dimensions, where the star product can be easily defined. On 2 + 1 dimensional space-time, we extend the results in Ref. [8] to the NC phase space, and we find that the new formulation is applicable to any * Electronic address: kangli@hznu.edu.cn † Electronic address: dulat98@yahoo.com even space dimensions. This paper is organized as follows: in Section 2, we present a description of NC phase space on 2 + 1 dimensions. In Section 3, we discuss NC Lorentz and Poincare transformations both on NC space and NC phase space. Conclusion remarks are given in the last section.
II. THE DESCRIPTION OF NC PHASE SPACE
On NC space, the NC algebra is
where the Greek indices µ and ν run from 0 to 2. In order not to spoil unitarity [11, 12] and casuality [13] , one sets θ 0µ = 0; in two dimensions the constant anti-symmetric matrix element θ ij can be written as θ ij = ǫ ij θ, and θ related to the space-space non-commutativity.
Non-commutative field theories are constructed from commutative field theories by replacing, in the action, the usual multiplication product of fields with the star product of fields. The star product between two fields is defined as
This star product can be replaced by a shift which is called Bopp's shift
where x µ and p ν are coordinates and momenta on commuting space-time. After applying this shift, the effect caused by space-space non-commutativity can be calculated in the commuting space. The Bose-Einstein statistics on non-commutative quantum mechanics requires both space-space and momentum-momentum non-commutativity [7] . In the following we present our formulation to NC phase space. On NC phase space, we set the NC algebra as
On NC phase space we set alsoθ 0µ = 0,θ µν is a very small constant anti-symmetric matrix element, it reflects the non-commutativity of the momenta, andθ ij = ǫ ijθ . The˜ in Eq. (4) is the deformation of Planck constant on NC phase space, it has the form
and hence the momentum operator on NC phase space can be written asp
From the above relations, we can obtain a generalized Bopp's shift asx
It is easy to check that the above generalized Bopp's shift is consistent with the algebraic relation (4). Then the star product on NC phase space can be easily defined as
In NC quantum mechanics and NC quantum field theory, the star product between two fields on NC phase space can be replaced by the generalized Bopp's shift (7) for coordinates and (8) for momenta . Now we would like to stress that our formulation above is well defined on 2-dimensional NC phase space, and this formulation can be generalized only to any even dimensional case.
III. LORENTZ TRANSFORMATION ON NON-COMMUTATIVE PHASE SPACE
Let's first discuss the Lorentz transformation on NC space-time [8] . In an analogous way as in commutative space-time, on NC space one could introduce a NC Lorentz transformation asx µ = Λ From the Bopp's shift (3) on NC space one finds that
On commuting space-time we can define a Lorentz transformation as follows
which leaves the interval
Under the Lorentz transformation (11), the momentum p µ transforms as a Lorentz vector
From the Bopp's shift (3), we can obtain the following Lorentz transformation on NC space-time which is induced by the Lorentz transformation (11) and (13)
The above equation defines the non-commutative Lorentz transformation on NC space-time. From this transformation one may note that rather than θ µν transforms as a Lorentz tensor, the θ µν p ν transforms as a Lorentz vector. So it is easy to check that the commutation relation (1) on NC space-time is invariant under this transformation. And, obviously, when θ µν → 0, the NC Lorentz transformation above becomes usual Lorentz transformation on commuting space-time. From the shift (10) and the Lorentz invariant interval (12) , one finds the square of the NC length
Straight forward calculation shows that the s 2 nc is invariant under NC Lorentz transformation (14) . So we have defined a non-commutative Lorentz transformation which leaves s 2 nc invariant. Now we are in position to generalize the Lorentz transformation on NC space to NC phase space. From the generalized Bopp's shift (7) and (8) on NC phase space, we obtain it's inverse transformations
where γ = 4 2 /(4 2 − θθ). The Lorentz transformations (11) and (13) induce the following transformations on NC phase spacex
Inserting Eqs. (16) and (17) into Eqs.(18) and (19), one obtainsx
Eqs. (20) and (21) It is straightforward to extend our results above to a Poincare transformation, since a shift by a constant of the non-commutative coordinates is compatible with the algebraic relations Eq. (1) 
with J µν = x µ p ν − x ν p µ . The operator is un-deformed, because the NC Poincare transformation is induced by the Poincare transformation on commuting space. So the Lie algebra of the Lorentz group is also un-deformed,
One may apply our formulation to field theory. To do so, derivatives have to be defined, by Ref. [14] , the derivative on NC space can be defined aŝ
Similarly, on NC phase space we define the derivative of momentum as followŝ
Under NC Lorentz transformations, the derivatives transform as∂
Now let's consider a non-commutative action for a Dirac fermion coupled to a Yang-Mills gauge field, the action, in 2 + 1 dimension, is given by
(28) Under the NC Lorentz transformations, Ref. [8] found that the NC Yang-Mills potential transforms aŝ
the NC covariant derivative transforms aŝ
and the field strength tensor transforms aŝ
as well as the NC spinor field transforms aŝ
If the fields are taken in the enveloping algebra, the classical field, namely, the leading order of Seiberg-Witten map, also transforms according to (29)-(32). Though the equations (29)-(32) have the same form both for 2 + 1 dimensional NC space time and the 3 + 1 dimensional NC space time in [8] , because of the singularity of the matrix Θ = (θ ij ) in 3 + 1 dimensional NC space-time , the equations (29)-(32) can not be applicable to 3 + 1 dimensional NC space time, detailed discussions will be given in the conclusion part.
To replace the noncommutative argument of the function by a commutative one, we need to introduce a star product, f (x)g(x) = f (x) ⋆ g(x), the star product here is given in Eq. (2) for NC space and defined in Eq. (9) for NC phase space. It is easy to verify that these star product is invariant under NC Lorentz transformations. After replacing NC coordinates by the commutative ones through star product and expanding the fields in the enveloping algebra by using Serberg-Witten Map, the Eq.(28), to the first order of θ , reads
which is invariant under noncommutative Lorentz transformation.
IV. CONCLUSION REMARKS
In this paper, we give a description of NC phase space, where the star product can be easily defined( see Eq. (9)), the Planck constant is modified on NC phase space( see Eq. (5)).
Following the Ref. [8] , we define a non-commutative Lorentz transformations both on NC space and NC phase space in 2 + 1 dimensions. The basic idea is to define the Lorentz transformations for commutative coordinate (11) and momentum (13) then to feed back these transformation to the non-commutative sectors via variables transformations (16) and (17). The algebraic relations both on NC space and NC phase space are invariant under NC Lorentz transformations, and the θ-expanded gauge field action is also invariant under NC Lorentz transformations.
In this paper though the Greek indices are introduced, we assume µ, ν run as i, j, take values from 1 to 2, because we set θ 0µ = 0. Why we consider a 2-dimensional NC space and NC phase space instead of 3-dimensional case. The main reason is that on 3-dimensional NC space and NC phase space the non-commutative parameters θ ij and θ ij can be considered as anti-symmetric matrices, Θ = (θ ij ),Θ = (θ ij ), the elements can be written as
i.e. (35) It is easy to find that these two anti-symmetric matrices are singular matrices, because detΘ = detΘ = 0. For these reason we can not define the inverse of these matrices, and terms related to θ −1 ij orθ −1 ij will make no sense on 3-dimensional NC space and NC phase space. This problem also exists in Ref. [8] , for example, the Eqs.[17-21] of the Ref. [8] make little sense in 3 + 1 dimensions. The NC phase space formulation and the NC Lorentz transformation of this paper can be easily extended to any even dimensional space, however, for any odd dimensional case, the anti-symmetric matrices Θ andΘ are singular, the method here would not be applicable, and we will discuss it in our forthcoming studies.
